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Conditions for the existence of similar solutions for the two-dimensional and
axisymmetric boundary layers are obtained for the steady or unsteady flow for
purely viscous non-Newtonian fluids, where the shear stress is proportional to
the nth power of the velocity gradient and » > 0. These conditions are shown
to be a generalization of the similarity conditions for Newtonian fluids. In
particular it is found that the velocity at the outer edge of the boundary layer
must be proportional to {R(z)+ A} or exp[4AR(x)] for steady flows and to
(¢4 A)ym, (dx+ A)/(t+ B) or exp [At] for unsteady flows. Here x is the distance
along the wall from the forward stagnation point, ¢ is the time, R(x) = x for
two-dimensional flows and R(x) = f ritndy for axisymmetric flows,  is the dis-
tance from the axis to the wall, and A, B, d, m are constants.

Several examples of the similar solutions are calculated analytically for both
steady and unsteady pseudoplastic flows (n < 1). In these solutions the velocity
in the boundary layer tends to the outside velocity in such a manner that the
difference tends to zero as an inverse power of the distance from the wall, whereas
such a difference tends to zero exponentially for the corresponding flow in New-
tonian fluids.

1. Introduction

Many exact solutions for the boundary-layer equations have been obtained
for the flow for Newtonian fluids.* Some of them are similar or affine solutions,
for which a component of the velocity has such a property that two velocity
profiles at different co-ordinates differ only by a scale factor. In general, it is
assumed that the radius of curvature of the wall is far greater than the thickness
of the boundary layer. Similar solutions for two-dimensional and axisymmetric
flows have been investigated thoroughly for steady flows (Hayasi 1960) and
unsteady flows (Hayasi 1961).

Recently some examples of the two-dimensional similar boundary layer
have been investigated for non-Newtonian fluids, where the shear stress is
proportional to the nth power of the velocity gradient and n > 0. Schowalter
(1960) considered conditions for the existence of similar solutions for steady flows.
His treatment, however, does not cover all cases (see §6). Acrivos et al. (1960)

* For these solutions the reader is referred to literatures by Schlichting (1960), Hayasi
(1960, 1961, 1962), and Curle (1962).
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calculated numerically the velocity distributions in the boundary layer on a
semi-infinite flat plate. Bird (1959) and Wells (1964a) considered the unsteady
boundary layer for the so-called Rayleigh problem. Wells (19645) investigated
the conditions for the existence of similar solutions for both steady and unsteady
flows. Unfortunately his treatment is neither self-evident nor accurate (see
§6). Recently it was found that there is a correlation of steady two-dimensional
and axisymmetric boundary-layer flows, and that this suggests similar boundary
layers exist also for steady axisymmetric flows (Hayasi 1965). Therefore, we
wish to extend our previous analyses to non-Newtonian fluids, considering both
two-dimensional and axisymmetric flows.

2. Fundamental equations

Using the co-ordinates (x, ), in which z is the distance along the wall from the
forward stagnation point and y is the distance from the wall, the equations for
the two-dimensional and axisymmetric boundary layers in purely viscous
incompressible non-Newtonian fluids can be written as

o(ru}/ox + o(rv)/oy = 0, (2.1)
u ouw du\  0p 0T,
oploy = 0, (2.3)

where r = 1 for two-dimensional flow and r is the distance from the axis to the
wall for axisymmetric flow,  and v are components of the velocity in the direc-
tions of x and y, respectively, ¢ the time, p the density, p the pressure, and
Ty, is the shear stress in the z-direction due to the velocity gradient in the y-
direction. The boundary conditions for » and v are

u=v=20 at Yy = 0,
} (2.4)
u=Ux,t) for y—>oo.
From Bernoulli’s theorem, we have
lop oU oU (2.5)

Tpox T at o o
It has been shown by Schowalter (1960) that for two-dimensional flow the shear
stress can be expressed as

Tye = A(Oufoy)", (n > 0), (2.6)

where a and n are constants, provided that the velocity gradient is always non-

negative, and that the Ostwald-de Waele (power-law) model is adopted. It

can be easily shown that this equation is also valid for axisymmetric flow.
Substituting (2.5) and (2.6) into (2.2), we obtain

n—1 52
ou  u ow oU Q?UU: " (6u) Pu 2.7

55+u%+va—y=~8t~—+Ua 5; ayz,

where v = a/p. Equations (2.1), (2.3), and (2.7) are fundamental equations
for the present problem.
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It has been shown by Acrivos ef al. (1960) that when n > 2 the boundary-layer
flows are not of much practical interest, since Reynolds number for a power law
non-Newtonian fluid is given by

Re = U3"L"/v,
where U; and L are characteristic velocity and length, respectively, so that
range of validity of the boundary-layer assumption appears to be rather limited.

3. Conditions for the existence of similar solutions
In this section we consider the conditions under which the boundary-layer
flow is similar. For this purpose we assume
u = Uz, 1) f'(n), (3.1)
where 7 = y[vHi+n gz t) (3.2)
is a non-dimensional variable, and primes denote differentiation. Naturally g

is considered to be proportional to the thickness of the boundary layer. The
boundary conditions for f are

f(0) =f(0) = 0; f(o0) = L. (3.3)
Integrating (2.1) with respect to ¥ and using (3.1) and (3.3), we obtain
g o rU
—ll(1+n) A
Substituting (3.4) into (2.7) gives
Un-1 I\ 1L U dr 6U U 6g " ,2
ng”" =+ (r dx+ 695 g 6x)ff + (1=f7)
1 o N
+§—77 -Ij*az(1~f)—-0. (3.5)
1oU a
Hence we must have T o gl 0 (3.6a)
gr w9 _ =bUr? (3.60)
ot ’ ’
20U d
F g1+"’ (3.6¢)
n—2
109 ldr= ur—= (3.6d)

gox rdr ¢ grtr’
a,b,d,and e being certain non-dimensional constants. Then equation (3.5) is
reduced to n(f”) " d+e ff”+d 1 f’2)+b7;f"+a 1 f = 0. s (37)

Differentiating (3.6a) with respect to « and use of (3.6b) and (3.6¢) give, after
some transformations,
{a+(1+n)b}d = (1+n)aUt"gnog/ox. (3.8)
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Similarly we have from (3.65)
{(2—n)a+(1+n)ble+(n—1)bd = (1 +n)bU2"g" og/ox. (3.9)
Differentiating (3.8) with respect to ¢ and employing (3.6a), (3.6b) and (3.6¢),
we have a{(2 —n) al2-gn dgox + (n—1)bd) = 0.
If a = 0, however, from (3.8) it is clear that bd = 0. Thus we obtain
(2—n)aU27gn dglox+ (n—1)bd = 0, (3.10)
regardless of the value of a. Use of (3.8) yields

2—-n
- = 11
(1+na+b)d 0. (3.11)
Eliminating dg/ox from (3.8) and (3.9), and using (3.11), we have
2—m
(l+na+b)ae=0. (3.12)

From these relations we can conclude, after some simple considerations, that
there are only the following possibilities,

(1) Thecasea =0
As mentioned above, we have bd = 0.
(1.1) The case b = 0. This case corresponds to the steady flow.
(1.1.1) Thecased =0

U = const.,
} (3.13a)
g = ,.-1{(1 +n) eU"‘ZR(x)+A}1/(1+"),
nf" +ef(f)™ =0, (3.13b)

where R(x) = fr”" dz and 4 is an integration constant.

(1.1.2) Thecased + 0
Eliminating g from (3.6¢) and (3.6d) gives
Uam-14U |dx = A dr'tn,
where A # 0 and 1/m = (1+n) (e/d}+2—n;
n(f" YU +(d+e) ff' +d(1~f2) = 0. (3.14)
(1.1.2.1) The case 1/m =0
e=—(2~n)d/(1+n), U = Bexp[AdR(z)],
9= 3 (Brryiamesp (122 4aR()| = 2 (avemoen, [ G
where B is another integration constant.
(1.1.2.2) Thecasel/m % 0
U = m™™{4dR(x)+ B},

g = L AU (4 dR(z) + BYmred = 4-va+m gen, (8.16)
r r
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(1.2) Thecaseb + 0
d=0,
U = const., r = const.,
g = {(1+n)eUr 2+ (1 +n) bUr1t 4 APi0+m,

nf" + (ef +by) (f')2" = 0.

The form of the wall allowing such similar solutions must be a cylinder.

(2) Thecasea + 0

2—n 2—-n
(ma+b)d = <1+na+b) e =0,

(2.1) The case (2—n)a+(1+n)b =0,
b=mn-2)a/(1+n), U= —(dz+B)at+4),
g = (dx + B) n-Dia+n) _ gt — 4)@-mia+n), }

R4 (@) [+ AL =)~ o anf* +a(1—f') = 0.

+
(2.1.1) Thecased = 0
r = Cexp [ex|B],

where C is another integration constant.

(2.1.2) Thecased + 0

—n €

r= C(dx+B)i+"+3.
(2.2) The case (2—n)a+(1+n)b + O,
d=e=0, r=const.,, v=0,
n(f"y =" +byf" + a(1~f) = 0.
(2.2.1) Thecaseq = (1 +n)(b/a)+1—-n =0
U = Bexplat/A], g = AY+mBbeexp[bt/A].
(2.2.2) Thecaseq + 0

U = A{q(at+ B)}Ye, g = A@-DIA+m {g(at + B)}oiee,
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(3.17a)

(3.17b)

(3.18a)

(3.18)

(3.18¢)

(3.184)

(3.19q)
(3.195)

(3.20)

(3.21)

In these equations constants a, b, d, and ¢ might not always be able to take
arbitrary values for a solution or solutions satisfying the boundary conditions
to exist. For example, if we assume e = 0 in (3.13b), it is clear that the required

solution does not exist.

It should be noted for two-dimensional flows that, when g = g(t), we have

Pufoa? = f 02U 622 = 0

except for the case (1.1.2.1), so that equation (3.7) is the same as what should be

reduced from the Navier-Stokes equation.
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4. An example of the steady similar boundary layer

In this section we show an example of the steady similar boundary layer. For
this purpose we choose the case (1.1.2.1) of §3, where @ = b = 0, and assume that
n is equal to } and d > 0. Then we have d+e¢ = 0, so that equation (3.14) is

reduced to (¢/)%¢n_ (¢2_ 1) ¢l — 0’ (41)
where ¢ = df/dy = u/U and primes denote differentiation with respect to
£ = (2d)¥g.
Boundary conditions are given by
$(0) =0, ¢(0) = 1. (4.2)
10
b i
"]
" / ol
08 [/ A"
0-6
u
U
0-4
02
0 1 2 3 4 5 6

3

Ficure 1. Steady similar velocity profile whena = b = d+e = 0,d > 0.
{The profile for n = 1 is given by Hartree 1937.)

Equation (4.1) can be integrated as

# = 24 g -3¢+ AN,
where A is an integration constant and 4 = 2, since ¢ — 1 and ¢’ = 0 when
£ - 0. We can integrate this equation again, getting
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where B is another integration constant. Since ¢(0) = 0, we have B = 2}. Thus
we obtain ¢_£_(§+2)3—8
U (E+2)3+4°

Therefore U — « tends to zero as 52 when 9 - co. Such a solution for which U —u
tends to zero in the order of negative powers of 4 as 7> oo has been called a ‘weak
solution’ (Hayasi 1961).

From (3.4) and (3.15), we have

v=—£¢ (ﬁi)g (A dr‘}+rl2 %). (4.4)

The velocity distribution »/U is presented in figure 1. This problem for n =1
was treated by Goldstein (1939), and Hartree (1937)* had given the ‘medium
solution’ for which U —u tends to zero as exp [-#]. This solution is also included
in the figure. It is noted that £ = (d/2)}y for n = 1.

(4.3)

5. Examples of the unsteady similar boundary layer

In this section we show examples of the unsteady similar boundary layer.
First we consider the case (1.2) of §3, where a =d = 0, and assume ¢ = 0 and
b > 0. Then equation (3.17b) reduces to

" +28(¢")* " =0, (5.1)
where ¢ = df/dy = u/U as before, and primes denote differentiation with
respect to £ = (b/2n)UA+mWy  Boundary conditions are given by (4.2). From
(3.4) and (3.174a) it is clear that v = 0. Equation (5.1) is integrated once to give

¢’ = {4 +(1—n) g1 (5.2)

for n + 1. Solutions of this equation have been calculated numerically by Wells
(1964a) forn =%, 3, ¢, $and .

This case corresponds to the Rayleigh problem in which relative motion of a
fluid and of an immersed solid body started impulsively from rest is considered.
Using a co-ordinate system fixed in the fluid, Bird (1959) presented analytical
solutions. Using the co-ordinate system fixed to the wall, his results are re-
written as follows:

6=3= (nga)%, o =34 = @ = 18371, (=3
¢ = 721 (g2i§a2+tan~1§), o = (24)} = n¥ = 1-4646, (n=3)
¢ = % {"%%%%‘)"—:)+tan—lg}, a = (34)} = (§)tnt = 1-7390, (n=1%)
b=7 {31;é§fi2)5+ 35(1£Sfi2)4+ 15(§82aiga2)3+ 3(£§fi2)2+§2 Tt ),

o= (64) = (45927”)ﬁ = 24374, (n=15)

* There is a misprint in his table. The numerical value for ¢ (0-8) should be read as
0-7958 instead of 0-7858.
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For Newtonian fluids (r = 1), Blasius (1908) obtained the solution

¢ =erff = 2n“5f5 exp (—&£2) dE.
0

For n > 1, it seems to be impossible to obtain the solution of (5.2) satisfying
(4.2). For example, if we put n = £, the general solution of (5.2) is

b = FE— 148 + A%+ B,

and a boundary condition ¢(c0) = 1 cannot be satisfied.

From the analytical solutions, it can be easily shown that U —u tends to zero
as 9™ for n < 1, where m = 2,3,5, and 11 for n = 1, }, 2, and &, respectively.
Thus the solutions for pseudoplastic flow (# < 1) are weak solutions. It is well
known that the Blasius solution for Newtonian flow (n = 1) is a ‘strong solution’
which tends to zero as exp (— %) when 5 — co.

Next we consider the case (2.2.2) of §3, where d = ¢ = 0, and assume b = 0
and a > 0. Then equation (3.19b) reduces to

(1+n)(¢)*¢"—¢+1 =0, (5.3)
where primes denote differentiation with respect to
§ = {(1+n)a/(2n)/+y,
Integration of this equation gives
(¢)m = ¢*—20+ 4,

where an integration constant 4 is determined as unity, since ¢’ — 0 when
¢ — 1. Integrating once more gives

{(1+n)/(Q—n)} (1 —@)-0-mia+m — £4 B
for n + 1. Since ¢(0) = 0, we obtain B = (1+n)/(1—n). Thus we get

1-— —(1+n)/(1—n)
r ) . (5.4)

6= 5= 1= (ra gt

Clearly we must have n < 1 for this solution to tend to unity when £ — co.
For a Newtonian fluid (» = 1), the ‘medium’ solution of equation (5.3) has been
given by Schuh (1955) as

¢ = 1—exp[—£]. (5.5)

It is easy to show that equation (5.5) is the limiting form of equation (5.4)
when n — 1. Velocity distributions ¢ = /U are presented in figure 2 for n = },
1,1, 1land]l.

It should be noted that for both cases there is a weak solution in which U -«
tends to zero from above as g~ 1+ for 0 < n < 1.

It is noted that for the two-dimensional case equations (5.2) and (5.3) are
the same as those to which the Navier-Stokes equation should be reduced, since
g = g(t) in these cases.
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Ficure 2. Unsteady similar velocity profile when b =d = e = 0, > 0.
(The profile for n = 1 is given by Schuh 1955.)

6. Discussion

For the steady two-dimensional flow, Schowalter (1960) obtained conditions
for the existence of similar solutions. He classifies flows into the following three
types:

(1) the case (2—n)d+(1+n)e+ 0 and d+e =+ 0;

(2) the case (2—n)d+(1+n)e+ 0 and d+e=0;
and (3) the case (2—n)d+(1+n)e=0 and d+e=+ 0.

It is evident that there is another case where (2—n)d+ (1+n)e =0andd+e =0,
In this case we have n = , and this was considered in detail in §4.

For the steady and unsteady two-dimensional flows, Wells (19645) derived
conditions for the existence of similar solutions. His treatment is not self-evident;
for example, it is not clear whether conditions (3.10), (3.11), and (3.12) are
taken into account. Moreover there are nearly one hundred misprints and some
of the final results are also erroneous. For example, for the case (1.1.2.1) of
§3 of the present paper, using (3.15), equation (3.14) is reduced to

gl (T i =) =0

14+n
This equation corresponds to his equation (31) where he writes 4 in place of
(2n—1)/(1+n). Clearly such simplification cannot be justified for non-New-
tonian fluid (» + 1).
It may be interesting to note that the investigation of the asymptotic behaviour
of the similar solutions for Newtonian fluids (Hayasi 1961) can be easily extended
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so as to include the asymptotic behaviour for non-Newtonian fluids. The results
are as follows. (1) If b+d+e= —(a+2d) +0,or if b+e+0and a=d =0,
there may be a ‘weak’ solution or solutions for 0 < » < 1and (b+d + ¢)"2-» > 0,
and there is no required solutionfor 1 < norfor0 < #» < land (b +d + )40 < 0;
(2) Ifb =d+e = 0anda+2d + 0, there may be a ‘weak’ solution or solutions
for 0 < n < land a+ 2d > 0, and there is no solution for 1 <norfor0 <=z < 1
and a+2d < 0; (3) For the weak solution U —u tends to zero from above as
y~+m/a-n), Thus for such cases solutions for non-Newtonian fluids exist only for
pseudoplastic flows (n < 1). These results agree completely with the analytic
solutions obtained in §§4 and 5.

For the flow past a semi-infinite flat plate at zero angle of attack or a hollow
circular cylinder whose axis is parallel to the stream, we have U = const. so
that the thickness of the boundary layer is given by the second equation of
(3.13a), where e > 0. Here we can make 4 = 0 by suitable choice of the co-
ordinates. Equation (3.135) reduces to

n(n+1)F" + F(F")2" = 0, (6.1)

where F = {(1+n)e}Y1+7f and primes denote differentiation with respect to
£ = {(1+n)e}ta+tmy, Boundary conditions are

F(0) = F'(0) = 0; F'(c0) = 1. (6.2)

As is well known Blasius (1908) calculated the solution for a Newtonian fluid
(n = 1). Acrivos et al. (1960) obtained solutions for n» = 0-1, 0-2, 0-5, and 1-5
by numerical calculation, and found that there is no solution for » > 2. From
the results in the previous paragraph, however, for a =b=d =0 and ¢ > 0
there may be a weak solution or solutions for 0 < n < 1 but there is no solution
for 1 < »n. It may be suspected that their solution for » = 1-5 does not satisfy
a boundary eondition F'(c0) = 1.*

So for the power-law assumption (2.6) has been used, although this is valid
only if the velocity gradient du/dy is relatively large. Now it is clear that du/dy
is small near the outer edge of the boundary layer, so that the fundamental
equation (2.7) is no longer valid in this region. This may be the reason why there
is no solution satisfying the boundary condition at y = co for dilatant flows
(n > 1) and there are only weak solutions for pseudoplastic flows (n < 1).
Acrivos et al. (1960) propose to replace the boundary conditions (3.3) by other
boundary conditions

fO)=f(©0)=0, f(O)=1, fI(C)=0, (6.3)

where C is a constant to be determined by these equations, provided the former
cannot be satisfied. Solutions of (5.4) for n > 1 satisfying (6.3) are included in
figure 2 as broken lines, although the range of validity of solutions for n > 2
is rather limited. From this figure it seems to be plausible to use (6.3) for n > 1,
though further investigation is needed.

* After the completion of this work the author was informed from Professor Acrivos
that this is the case.
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